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a b s t r a c t
Let P (α) be the class of analytic functions p(z) in the open unit disc U with p(0) = 1
and | arg p(z)| < π2 α (z ∈ U) for some real α > 0. The object of the present paper is to
discuss some properties of p(z) in the classP (α). Furthermore, an example for our results
is shown.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let P be the class of functions p(z) of the form
p(z) = 1+
∞−
n=1
cnzn (1.1)
which are analytic in the open unit disc U = {z : |z| < 1}. Also, let P (α) denote the subclass of P consisting of functions
p(z)which satisfy
| arg p(z)| < π
2
α (z ∈ U) (1.2)
for some real α > 0. If p(z) ∈ P (1), then we know that
Rep(z) > 0 (z ∈ U). (1.3)
A function p(z) ∈ P (1) is said to be a Carathéodory function. For functions p(z) and g(z) in the class P , we say that p(z)
is subordinate to g(z) if there exists an analytic function w(z) in U with w(0) = 0, |w(z)| < 1 (z ∈ U), and such that
p(z) = g(w(z))(z ∈ U). We denote this subordination by
p(z) ≺ g(z) (z ∈ U).
If g(z) is univalent in U, then this subordination p(z) ≺ g(z) is equivalent to p(0) = g(0) and p(U) ⊂ g(U) (see [1]).
The object of the present paper is to discuss some properties for p(z) in the class P (α), which are related to the Miller
and Mocanu result given by Miller and Mocanu [2].
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2. Some properties
We first introduce the following result due to Miller and Mocanu [2].
Theorem A. Let β0 = 1.21872 · · · be the solution of βπ = 32π−tan−1 β , and let α = α(β) = β+ 2π tan−1 β for 0 < β ≤ β0.
If p(z) ∈ P satisfies
p(z)+ zp′(z) ≺

1+ z
1− z
α
(z ∈ U), (2.1)
then
p(z) ≺

1+ z
1− z
β
(z ∈ U). (2.2)
Remark 2.1. We note that the subordination (2.2) is equivalent to
| arg p(z)| < π
2
β (z ∈ U),
so p(z) ∈ P (β).
From the above theorem, we derive:
Theorem 2.2. If p(z) ∈ P satisfies
| arg(p(z)+ zp′(z))| < π
2
α (z ∈ U) (2.3)
for some α > 0, then
| arg p(z)| < α
∫ 1
0
sin−1

2ρ
1+ ρ2

dρ = π
2
αβ0 (z ∈ U), (2.4)
where β0 = 0.558728706 · · ·.
Proof. We note that
arg p(z) = arg

zp(z)
z

(2.5)
= arg

1
z
∫ z
0
(tp(t))′dt

= arg

1
z
∫ r
0
d
dρ
(ρeiθp(ρeiθ ))eiθdρ

(z = reiθ , t = ρeiθ )
= arg
∫ r
0

p(ρeiθ )+ ρeiθ d
dρ
p(ρeiθ )

dρ

.
Let
0 = ρ0 < ρ1 < ρ2 < · · · < ρn−1 < ρn = r,
n−
j=1
ρj = ρ,
and
ρj − ρj−1 = δ (j = 1, 2, 3, . . . , n).
Then, by using (2.5), we have that
| arg p(z)| =
arg

lim
n→∞
n−
j=1
δ

p(ρjeiθ )+ ρjeiθp′(ρjeiθ )

≤ lim
n→∞
n−
j=1
δ
arg p(ρjeiθ )+ ρjeiθp′(ρjeiθ ) .
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Since the condition (2.3) implies that
p(z)+ zp′(z) ≺

1+ z
1− z
α
(z ∈ U),
we obtain that
| arg p(z)| ≤ lim
n→∞
n−
j=1
δ
arg1+ ρjeiθ1− ρjeiθ
α
= α
∫ r
0
sin−1

2ρ
1+ ρ2

dρ
< α
∫ 1
0
sin−1

2ρ
1+ ρ2

dρ
= π
2
αβ0,
where β0 = 0.558728706 · · ·. 
Remark 2.3. For β0 = 0.558728706 · · ·, we see that
β0 + 2
π
tan−1 β0 = 0.8830992147 · · · < 1.
Therefore, Theorem 2.1 improves Theorem A given by Miller and Mocanu [2].
If we take α = 32 in Theorem 2.2, then we have:
Corollary 2.4. If p(z) ∈ P satisfiesarg(p(z)+ zp′(z)) < 3
4
π (z ∈ U),
then
| arg p(z)| = 3
2
π
2
− log 2

= 1.31647321 · · ·
<
π
2
(z ∈ U).
Remark 2.5. Corollary 2.4 shows that
p(z)+ zp′(z) ≺

1+ z
1− z
 3
2 ⇒ p(z) ≺

1+ z
1− z
β
,
where
β = 3
2

1− 2
π
log 2

= 0.8380928753 · · · .
Example 2.6. In view of the condition (2.3), we consider the function p(z) defined by
zp(z) =
∫ z
0

1+ t
1− t
α
dt,
or
p(z) = 1
z
∫ z
0

1+ t
1− t
α
dt (z ∈ U).
Let us consider the case of α = 12 . If we put 1+t1−t = u2, then dt = 4u(u2+1)2 du. This gives us that
p(z) = 1
z
∫  1+z
1−z
1
4u2
(u2 + 1)2 du
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= 4
z
∫  1+z
1−z
1

1
(u2 + 1)2 −
1
u2 + 1

du
= 4
z
[
1
2

u
u2 + 1 + tan
−1 u

− tan−1 u
] 1+z
1−z
1
= 1
z

1− z2 − 2 tan−1

1+ z
1− z +
π
2
− 1

.
Since the above function p(z) satisfies the condition (2.3) for α = 12 , we see that
| arg p(z)| < π
4
β0 (z ∈ U)
with β0 = 0.558728706 · · ·.
To discuss the next property, we have to recall here the following lemma due to Nunokawa [3].
Lemma 2.7. Let p(z) ∈ P with p(z) ≠ 0(z ∈ U). If there exists a point z0 ∈ U such that
| arg p(z)| < π
2
α (|z| < |z0|)
and
| arg p(z0)| = π2 α
for some real α > 0, then we have
z0p′(z0)
p(z0)
= ikα, (2.6)
where
k ≥ 1
2

a+ 1
a
 
for arg p(z0) = π2 α

,
k ≤ −1
2

a+ 1
a
 
for arg p(z0) = −π2 α

,
and
p(z0)
1
α = ±ia (a > 0).
Applying the above lemma, we derive:
Theorem 2.8. If p(z) ∈ P satisfiesarg(zp′(z)+ p2(z)) < π
2

α + 2
π
tan−1 β(α)

(z ∈ U) (2.7)
for some real α(0 < α < 1), then p(z) ∈ P (α), where
β(α) = 1
2

1+ α
1− α
 1−α
2 +

1− α
1+ α
 1+α
2

sec
π
2
α

+ tan
π
2
α

. (2.8)
Proof. For p(z) ∈ P which satisfies (2.7), we suppose that there exists a point z0 ∈ U such that
| arg p(z)| < π
2
α (|z| < |z0|)
and
| arg p(z0)| = π2 α.
Then, Lemma 2.7 gives us that
z0p′(z0)
p(z0)
= ikα.
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If arg p(z0) = π2 α, then we have that
arg(z0p′(z0)+ p2(z0)) = arg p(z0)+ arg

z0p′(z0)
p(z0)
+ p(z0)

= π
2
α + arg(ikα + (ia)α)
≥ π
2
α + arg

i
α
2

a+ 1
a

+ aαei π2 α

= π
2
α + tan−1
α
2
(a1−α + a−1−α) sec
π
2
α

+ tan
π
2
α

≥ π
2
α + tan−1

α
2

1+ α
1− α
 1−α
2 +

1− α
1+ α
 1+α
2

sec
π
2
α

+ tan
π
2
α

= π
2

α + 2
π
tan−1 β(α)

.
This contradicts the condition (2.7) of the theorem. If arg p(z0) = −π2 α, then we also have that
arg(z0p′(z0)+ p2(z0)) ≤ −π2

α + 2
π
tan−1 β(α)

,
which contradicts the condition (2.7). Therefore, there is no z0 ∈ U such that
| arg p(z)| < π
2
α (|z| < |z0|)
and
| arg p(z0)| = π2 α.
This implies that
| arg p(z)| < π
2
α (z ∈ U),
that is, that p(z) ∈ P (α). 
Taking α = 1 in Theorem 2.8, we have
Corollary 2.9. If p(z) ∈ P satisfies
| arg(zp′(z)+ p2(z))| < π (z ∈ U),
then p(z) ∈ P (1).
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